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Abstract

. . 2 GENERALIZED EMITTANCE
PIC-code simulation results are presented where a space-
charge-dominated beam is transported in a lattice wifhen quadrupole rotation errors are present, the x and y
quadrupole rotation errors. Two examples are studied M@rmalized emittances are not conserved, even for a
detail: the circular lattice for the University of Marylandoeam with an initial Kapchinskij-Vladimirskij (K-V)
Electron Ring (UMER) and the straight lattice from aslistribution with a linear space charge force profile
early design of a proposed heavy ion inertial fusion (HIFpropagating under linear external forces. However, if
research experiment known as the Integrated Reseaf@R equations of motion result from linear forces and are
Experiment (IRE). Reasonably small errors have littiderivable from a Hamiltonian system, constants of the
effect. However, the dependence on the strength of th@tion may be obtained analogous to the normalized x
errors is nearly quadratic.  Slightly larger errorsand y emittances [4]. Further, the K-V distribution has
therefore, can cause deterioration in beam quality, B€en generalized [5] to distributions in which the
manifest by a large increase in beam emittance aRfincipal axes do not align with the x and y axes, and
formation of a halo, leading eventually to particle losse§loment equations have been derived [6] that assume the
The simulations are accompanied by the momefPace-charge profile remains linear, consistent with the

equations for such a system in the presence of beagsumption of the KV-like distribution of ref. [5]. In ref.
acceleation. [6], a drifting, non-relativistic beam was assumed, and a

conservation constraint was derived that is equivalent to
1 INTRODUCTION the first of the conservation constraints in ref. [4].

— L , ) In this section, we generalize slightly the moment
Many applications, from heavy ion inertial fusion to hlgrbquations of ref. [6] to include acceleration, and we

energy colliders, are relying increasingly on higRyaate both the first and second independent
brightness, ~ space-charge-dominated, ~ beams. &Rhittance-like conservation constraints of ref. [5]. In the
maintain the brightness of the beam during transport, jfosence of non-linearities, either from space-charge or
is important to control lattice errors so as to MiNiMizg, e eyternal focusing field, the underlying assumption of
emittance growth. éceleratorlattice errors may give  jinear force profile is violated, and therefore the

rise to envelope mismatches and mismatches providgygiyeq constraints will evolve (usually increasing) along
source of free energy which, if thermalized, can result ifo  ccelerator For simplicity we consider non-
emittance growth and hence brightness degradatiqqyasiyistic beams. We assume the space charge force
Quadrupole rotation errors are an interesting class Qi pe calculated from that of a beam with elliptical
accelerator element nalsgnments, because the tWOgyymetry but that is rotated with respect to the z

transverse (x and y) equations of motion become couplgggitudinal) axis. Using the same notation as ref. [6]

at linear order in the coordinates. the transverse (x and y) equations of motion are:
We perform simulations using the WARP code [1] to»
fX/dZ2 = quxX + quyy +Kgxx (X - <x>)

investigate emittance growth under the presence %

quadrupole rotation errors. Two generalized emittances +kxy(y - <y>) - (d Infz/ dz) X
(defin(_ad below) give a measure of the phasg spa@t%//dz2 = Kqyyy *+ Kgxy X +Ksyy(y - <y>)
occupied by the beam and so give a measure of inherent + Koxy(x - <x>) - (d In Bz / dz) y' (1)

beam-quality that would be ultimately achievable aftgrere,c is the longitudinal velocity, and with leading
compensating skew (rotated) quadrupoles undo tR@pscript q is associated with external focusing from

cumulative effects of small random rotation errors of thguadrupoles wherea$ with leading subscript s result
focusing quadrupoles. The simulations address issygsm space charge (cf. ref. 6.)

such as reversibility of emittance growth, dependence onas in ref. [6], we may derive a set of ten first order

space charge, role of nonlinearities, periodicity of errorgquations for the quadratic moments of the distribution,
and accelation. For this paper, we will use simulationshere generalized slightly from ref. [6] to include

performed on two machines: the University of Marylandcceleation (the operatahabe<ab>-<a><b>):
Electron Ring (UMER) [2] and the Integrated Researchay2 4z = 2Axx

Experiment in heavy ion fusion (IRE) [3].
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dAxx /dz= Ax2+KxxAX2 + KyyAxy - (dIn 3, / d2) AxX (0.0015). The quantitg,, is 1.0 mm-mrad, placing it

further than UMER in the space-charge-dominated
12 — "y 12
dAX™ /2= 2K o XX +2K o AXy = 2(d In B 1 dZ)Ax regime. The average beam size is 1.5 cm. Please see

dAy2 [ dz= 2Ayy refs. [2-3] for further detail. For the simulations, we used
dayy'/ dz= Ay'2+KyyAy2 + K Axy - (dIn B, / d2)Ayy the 2d3v version of WARP, with a resolution of 256 cells
H . . > across the beam pipe (~125 cells across the beam). In
dAy'“/dz= 2K, Ayy +2KAxy =2(dIn B, / dz) by most cases we ran with 20,000 particles, and Gaussian
dAxy /dz=Axy +AX 'y filtering to reduce numerical collisions. We chose a
dAX' y/ dz= OX y +KAxy+ KXyAyz —(dInB, /dz)Ax'y semi-gaussian initial distribution in most cases so as to
dAxy / dz= AX y+K , Axy + KXysz —(dIn B, /d2)Axy model a physical beam, although we occasionally used a

o , , , , K-V distribution to compare against the theory.
dAX' Y 1dz = KXY +KxyAyy +KyyAX Y+ K xyAXX

_Z(dlnﬁ /dZ)AX' y (2) Eg. Generalized Emittance (normalized)

Here KomKaotKsx, K=KaytKsey, and Kyy=KayytKsyy, r](h' 7 ]

Using the procedures in ref. [4] we obtain the following - Ay

invariants which we denote as E 251 f ]
1 o . E
€ng =% (Emc * Eny) + 168 (AxyAX y'~Lxy AX'Y) .
€ = (Emxny +(4B) ([AAX Y |? +[Axy AX'y)? 5
—AXCAY?[AX Y ]2 - XAy 2 [ DX YT c
~Ox 2 Ay’ Axy TP - B¢ 2 Dy 2 [y -
—2AxyAXY AX YAX' Y +2AxX AY 2 AXYAX Y 3
—20%X Ayy AXYAX' ' —2A%XX Ayy AXY AX y =

+2AX2 Ayy AXYAXY +20%2 Ayy AX YAX Y

50 -

—
+ 20xX Ay2AX' Y Bxy' ) Y2 3) =
2 _ 2 2a 12 _ 2 S Iml
Here, Enx = 1667 (XA ~[AXX]7) and Figure 1: ¢ along 10 turns in UMER; low current

s§y516ﬁ2(Ay2Ay'2—[Ayy]2) are the squares of the(lower); nominal current, straight (upper) and periodic
usual x and y normalized emittances. Note that tigiddle curve).

square of the generalized emittanﬁé§ and sﬁh reduce . _ -
The simplest cases simulated are those of a drifting

. . . 2
to the arithmetic and geometric mean &ff, and &7,  peam in a straight lattice with linear magnets. To isolate
respectively, in the absence of cross-correlations (ithe effect of space charge, we compared our simulation to
Axy=AX y=Axy =AX y=0), and so form two an equivalent emittance-dominated beam obtained by

independent quantities. reducing the current and increasing the emittance to
maintain the same beam size, while keeping the external
3 SIMULATIONS forces unchanged. To both cases, we applied the same

random distribution of errors, with an rms width of.2

Of particular interest is the response of actual machlnn%,4 mrad). As shown in the bottom curve in Fig. 1, the

such as UME_R_and the IRE’ to quadrupol_e rotatiofy, current beam exhibited almost no growth in the
errors. Early injector experiments at the University

Maryland, for example, indicated a high sensitivit tgeneralized emittance. The x and y rms emittances
Y f ample, . 9 Y %Bscillated about their initial values. The beam rotation
quadrupole rotations. UMER is a circular machin

o . . &ngle performs a random walk yet remains constrained
con3|st|ng of 36 FO.DO ce_lls and 36 bending d'pOIes'it%in p3° (rms) from upright. yIncreasing the space
-rrehse Itr'; OT\'”;I gﬁirr:ﬁ'-ng dpolenrt eO;nfl;g I;fQ\(/) 88(11510(\)/\/.[:;] harge to the nominal parameters of UMER results in
uits | ge 1zed perv » ' ! rr?arkedly different behavior. The beam responds to the
normalized emittance,, of 10 mm-mrad, this places the me set of errors by “wobbling” more violently, with the

beam in the highly space-charge-dominated regime, W@@am rotation angle egeding 8 and continuing to

a tune-depressiovf,) of 0.14. The average beam Slze|pcrease in amplitude of oscillation. These large rotation
is about 1.0 cm. For the moment, we have explored on

. a¥|gles translate into rms mismatches in x and y, with
the case of a drifting beam. The IRE on the other handa{gsociated growth of the generalized [top curve of Fig. 1].

an induction linac. A number of K+ ion beams arel’he rate of growth is slow initially, but experiences a

injected at 1.6 MeV into a strong-focusing lattice an )
then accelerated in lfel to 200 MeV. The generalized gudderboost as a halo forms, then levels off as the beam

S T alo system reaches a new equilibrium.
perveance at injection is similar to that of UMEF{I y q
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A drifting beam in a ring (as in UMER) experienceshe presence of errors, as preliminary evidence seems to
random errors that repeat periodically every turn. Thiadicate. Hence we are pursuing the matter further.
periodicity could introduce resonances that will further
degrade the beam. Imposing this periodicity on out Eh. Generalized Emittance (normalized)
UMER simulation, however, resulted in remarkably ' ' ' ' ' '
different behavior. The periodicity of the errors imposes_. 2.0
a periodicity on the beam rotation angle, preventing it £
from growing uncontrollably. Thus the rms mismatch in IE
our case does not grow to a sufficient level to induce —
halo. Therefore, the generalized emittance [middlefé
curve, Fig. 1] grows steadily, but does not experience thw 1,5t .
abrupt growth during the™turn. Note that we have <
only explored one set of parameters. It may be possibl<s
to see different behavior if we operate near a resonance.
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il
’ As we find from the simulations presented here,

| sl
ﬂjj/ quadrupoles with small random rotations have a larger

10 &MV i impact on higher intensity beams. We presented an

! analytic derivation of a generalized emittance, which is

— — ' conserved in linear systems. With the introduction of
nonlinearities in the space charge distribution as the
S im) beam evolves, these generalized emittances are found to

Figure 2:€,, €y (dotted) anck,q (solid) for 10 turns of grow, sometimes dramatically if a halo is formed. An
UMER. interesting effect is observed if the errors are periodic, as
in a beam drifting in a ring, where the beam's response to
The emittance shown in Fig. 1 is the generalizeidne errors appears to be periodic and bounded.

emittanceg,g The standard,, ande,, follow a different
behavior. Figure 2 compares, with &, for the case of 5 ACKNOWLEDGEMENTS
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